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Magnetohydrodynamics Transient Free Convection
in Open-Ended Vertical Annuli
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M. A. Al-Nimr* and M. K. Alkamt
Jordan University of Science and Technology, Irbid 22110, Jordan

Using Green’s function method, analytical solutions for transient magnetohydrodynamics (MHD)
fully developed natural convection in open-ended vertical concentric annuli are presented for four fun-
damental cases of boundary conditions. Expressions for transient fully developed volumetric flow rate,
mixing cup temperature, and local Nusselt number are given for each fundamental case. These funda-
mental solutions may be used to obtain solutions satisfying more general thermal boundary conditions.
Also, in a manner similar to the annular geometry, analytical solution for transient MHD fully developed
natural convection in an open-ended vertical tube are presented for two fundamental cases of boundary

conditions.

Nomenclature

local heat transfer coefficient based on the
area of heat transfer surface g/(T,, — Tp) =
*k(87T/or),./(T,, — T,), minus and plus signs
apply, respectively, for heating and cooling
at the inner boundary and vice versa at the
outer boundary

magnetic flux density

annular gap width, r, — n,

specific heat of fluid at constant pressure
equivalent (hydraulic) diameter of annulus,
2b

diameter of heat transfer boundary

induced electric field

dimensionless volumetric flow rate,
fl(wlyGr¥)

volumetric flow rate, [2 27rru dr

Grashof number, ¥gB(T,, — To)D*/¥* in the
case of an isothermal boundary or FgBgD*/
2kv* in the case of uniform heat flux heat
transfer boundary; the plus and minus signs
apply to upward (heating) and downward
(cooling) flows, respectively, thus, Gr is a
positive number in both cases

modified Grashof number, DGr/l
gravitational body force per unit mass
Hartmann number, \/or}B}/u

Bessel functions

thermal conductivity

dimensionless height of annulus, 1/Gr*
height of annulus

annulus radius ratio, r,/r,

local Nusselt number, |a|D/k

average Nusselt number, [ Nu dz/l
dimensionless pressure defect at any point,
p'rilpol’Y'Gr¥?

Prandtl number, v/«

pressure of fluid inside the channel at any
cross section
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Subscripts
r
z
0

pressure defect at any point, p — p;
hydrostatic pressure, py,gz

heat flux at the heat transfer surface,
¥k(8T/dr),, where the minus and plus signs
are, respectively, for heating and cooling in
case I; these signs should be reversed in
case O

dimensionless radial coordinate, r/r,

radial coordinate

inner and outer radii of annulus
temperature at any point

mixing cup temperature over any cross
section, [72 ruT dr/f7 ru dr

temperature of heat transfer boundary
temperature at the annulus entrance

time

dimensionless volume averaged axial
velocity, ur3/(lyGr¥)

axial velocity

dimensionless axial coordinate, z/(IGr*)
axial coordinate

thermal diffusivity, k/pc

volumetric coefficient of thermal expansion
kinematic viscosity of fluid, u/p,

= dimensionless temperature, (T — T;)/

(T,, — Ty) in the case of an isothermal heat
transfer boundary and (T — T,)/(¢D/2k) for
uniform heat flux boundary and, thus, it is
positive for both heating (upward) and
cooling (downward) flows

dimensionless mixing cup temperature,

(T,, — TY/(T,, — Ty) in the case of an
isothermal heat transfer boundary and

(T, — T,)/qD/2k) for uniform heat flux
boundary

dimensionless temperature of heat transfer
boundary

dynamic viscosity of fluid

fluid density at 7, po[1 — B(T — To)]

fluid density at T,

electrical conductivity of the fluid
dimensionless time, tk/pcr§

radial coordinate
axial coordinate
6 coordinate
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Introduction

AGNETOHYDRODYNAMICS (MHD) free-convec-

tion flow of an electrically conducting fluid in different
geometries is of considerable interest because of its frequent
occurrence in industrial and technological applications. Ex-
amples of these applications is in power generators, nuclear
reactors, and in MHD accelerators.

Many papers concerned with the problem of MHD free-
convection flow have been published in the literature. As an
example, free convection flow of an electrically conducting
fluid past over or into different geometries is investigated by
different researchers.'

To the authors’ knowledge, no previous study has consid-
ered the transient behavior of MHD free-convection flow in
open-ended vertical annuli. Our aim is to consider the transient
MHD free-convection problems in vertical annuli to improve
our physical understanding of their hydrodynamic and thermal
behaviors.

Governing Equations and Boundary Conditions

We consider unsteady laminar fully developed free-convec-
tion flow of an electrically conducting and incompressible vis-
cous fluid inside an open-ended vertical concentric annulus of
a finite length (/), immersed in a stagnant fluid of infinite ex-
tent maintained at a constant temperature 7,,. The walls of the
annulus are assumed to be nonconducting. A uniform magnetic
field is assumed to be applied in the radial direction. The im-
pressed electrical field is assumed to be zero and the induced
magnetic field of the flow is negligible in comparison with the
applied one, which corresponds to a very small magnetic
Reynolds number.® Figure 1 shows the physical situation in
which at least one of the channel walls is heated or cooled
either isothermally or at a constant wall heat flux, so that its
temperature, i.e., temperature of the inner surface of the outer
cylinder or that of the outer surface of the inner cylinder, is
different from the ambient temperature T,. Because of fully
developed flow assumptions, the fluid enters the part under
consideration of the annular passage with an axial velocity
profile that remains invariant in the entire channel, i.e., du/dz
= 0. The fluid is assumed to be Newtonian, enters the channel
at the ambient temperature 7,, and obeys the Boussinesq ap-
proximation, according to which its density is constant except
in the gravitational term of the vertical momentum equation.
Axial symmetry is assumed and viscous dissipation and inter-
nal heat generation are absent. Also, as a result of the zero
impressed electrical field and negligible ohmic heating, elec-
tromagnetic work does not ensue.
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Fig. 1 Schematic diagram.

Under the previously mentioned assumptions and using the
dimensionless parameters given in the Nomenclature, the equa-
tions of continuity, motion, and energy reduce to the following
two simultaneous nondimensional equations:

i.?ij__.ﬂ) li Rij — H, 2U+____.._ (1)
Pror_ 9Z ROR\ R a 16(1 — NY*
PY o[ @
9 0L (g9 )
ar 9Z ROR\' 3R

where Ha is the Hartmann number that measures the strength
of the magnetic field.

In Eq. (1), the imposed radial magnetic field is assumed to
be steady and uniform. This is a common practice in the lit-
erature®’ and it is a good approximation when the gap width
is small compared with either the inner or outer radius of the
annular. In this case, dB/dr =~ 0, which implies that B = const
= B,. With this assumption it is not necessary to simplify other
terms in Egs. (1) and (2) to become as those for parallel plate
channels. In addition, both induced electrical and magnetic
fields effects on Eq. (1) are neglected. The assumption of zero-
induced electric field can be acheived by short-circuiting the
walls of the annulus. This assumption may be clarified by re-
fering to Maxwell’s equations:

VXE:—%%O 3
ot

from which
(VXE)Z=—r——-——=—%0 “@)

Equation (4) implies that E, =~ f(68) = const because of sym-
metry. If one of the walls of the annulus is short-circuited, E,
= 0 inside this wall. This implies that £, = O in the fluid
because E, is continuous at the wall—fluid interface. On the
other hand, neglecting the induced magnetic field is a common
practice in the literature.>” The last term in Eq. (1) accounts
for the natural convection effects and makes the momentum
equation coupled with the energy equation.

Two initial conditions and four boundary conditions are
therefore needed to obtain a solution for Egs. (3) and (4). The
two initial conditions are

UWO,R,Z)=6(0,R,2)=0 )
The two boundary conditions related to U are
Ui, 1,Z2)=U(1,N,Z2)=0 6)

On the other hand, there are many possible thermal bound-
ary conditions applicable to the annular configuration. Reyn-
olds et al.® defined four fundamental boundary conditions for
the annular geometry that produces four fundamental solutions
to the energy equation when it becomes linear. For the sake
of completeness, these fundamental solutions are stated in the
following text.

1) Fundamental solutions of the first kind, which satisfy the
boundary conditions of a temperature step change at one wall,
the opposite wall being kept isothermal at the inlet fluid tem-
perature. Using the present notation, this corresponds to 6 = 1
at one wall and @ = O at the opposite wall for 7 > 0, where
the boundaries are kept at the inlet fluid temperature; 6 = 0
for 7 = 0 for all cases.

2) Fundamental solutions of the second kind, which satisfy
the boundary conditions of a step change in heat flux at one
wall, the opposite wall being adiabatic. Using the present no-
tation, this corresponds to d6/0R = —1/(1 — N) at the inner
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wall and 36/0R = O at the outer wall, or 96/R = O at the inner
wall and 96/0R = 1/(1 — N) at the outer wall for 7> 0.

3) Fundamental solutions of the third kind, which satisfy the
boundary conditions of a temperature step change at one wall,
the opposite wall being adiabatic. This corresponds to 6 = 1
at one wall and 96/dR = 0O at the opposite wall for 7> 0.

4) Fundamental solutions of the fourth kind, where a step
change in heat flux at one wall is applied while the opposite
wall is kept isothermal at the inlet fluid temperature. This cor-
responds to d0/6R = —1/(1 — N) at the inner wall, whereas 6
= 0 at the outer wall or 6 = O at the inner wall, and 96/0R =
1/(1 — N) at the outer wall for 7> 0.

With any of the previously mentioned boundary conditions,
the boundary opposite to that maintained adiabatic, i.e., d6/0R
=0, or isothermal, i.e., 8 = 0, is termed the heat transfer bound-
ary (even though there is transfer of heat through a boundary
maintained at 6 = 0). For each of the previous fundamental
solutions, two cases are considered, namely, case (I), in which
the heat transfer boundary is at the inner wall and case (O) in
which the heat transfer boundary is at the outer wall. The aim
of the present paper is to obtain the previously mentioned four
fundamental solutions.

General Analysis
Substituting 6 from Eq. (1) into Eq. (2), we obtain

? ? Pr 9 U
U pp 2B _Prd (p 20U, pye Y
a7 99Z R oR ot

P19 >rU )
+Pr2Ua— —(R{ — Pr—

0Z° R oR 9T9R aR

9 (g3Y 2 90U
x [R — <R aR)] + PrHa aR}) )

A solution of Eq. (7) in the form U = U(7, R) is only pos-
sible if

3°P
0z ¥(7) ®)
3*P
Py a(7) )

Integrating Eq. (8) with respect to time yields

oP

3z B(m) + E2Z) (10)
from which

L

3z =E'(Z) = a7 (11

But E’(Z) is independent of time, and as a result

3°P

Py =a (12)

where @ is constant. Equation (12) gives the solution for P as

P=0.5az> + BZ + BZ + &7 (13)

Applying the conditions for an open-ended channel, that P =
0 at both inlet and exit, i.e., at Z = 0 and L, gives

P=0.5azZ(Z — L) (14)

From Eq. (1) we have

0 = — 4
57 = 16a(l — N) (15)

which means that, for a given R in a given annulus, the di-
mensionless temperature 6 varies linearly with the axial dis-
tance Z. This implies that the assumption of a hydrodynami-
cally fully developed free convection flow should necessarily
mean that the flow is also thermally fully developed, regardless
of the value of the Prandtl number (Pr). As a result of the
conclusion that « is constant, Eq. (7) is reduced to

U Pr 9 9*U oU
—— o — — + 2 -
[ % 9% (R ) PrHa ——87] + aPr’u

d7T0R
19 U 9 3 U
“RoR <R {BTBR Prir [R 3R (R 5'15)]

+ PrHa" ig}) (16)

The governing Egs. (1) and (2) can be simplified if one of
the two annulus boundaries is kept isothermal. To satisfy this
boundary condition, 6 must, in this particular case, be inde-
pendent of Z. Thus, it is concluded that o must, in such a case,
equal zero. Therefore, Eqgs. (14) and (15) reduce, in this case,
to the following equations, respectively,

P=0 a7
a0
Py 0 (18)

Equation (18) states that, in a case with an isothermal bound-
ary, the fully developed temperature profile is a function of R
and 7 only. On the other hand, Eq. (17) states that the fully
developed pressure inside an open-ended annulus of an iso-
thermal boundary is equal to the hydrostatic pressure, at the
same elevation, outside the annulus. This implies that, in such
a fully developed case with an isothermal boundary, there
would be no pressure drop caused by fluid viscous or magnetic
drag because these are just offset by the buoyancy driving
force.

If the two governing Egs. (1) and (2) are solved for the
velocity and temperature profiles (U and 6), then the following
useful parameters can be evaluated.

The dimensionless volumetric flow rate (F') can be evaluated
from the following equation:

F=2fRUdR (19)

N

Because, for a fully developed flow, U is a function of R and
7 only, it follows that the definite integral on the right-hand
side of Eq. (19) and, hence, F are functions of 7 regardless of
the value of the axial coordinate Z; i.e., they are not related to
the value of the annulus height.

The dimensionless mixing cup temperature is given by

1 18
f RU6 dR

N

6,=——— (20)

fRUdR
N

Using the dimensionless parameters given in the Nomencla-
ture, the following expressions for the local Nusselt number
can easily be obtained:
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For a uniform wall temperature (UWT) boundary conditions

00
Nu==*2(1 —-N)|—
u ( ) ( 3 R>w @2n
and for a uniform heat flux (UHF) boundaries
2(1 = N) (o0 2
Ny=+——=-|— = -
" 0, (aR)w 0, (22)

where the minus and plus signs apply, respectively, for cases
(I) and (O) when there is heating and vice versa when there
is cooling.

From Eq. (1) it can be seen that (36/0R) is a function of R
and 7 only, which is dependent on the fully developed axial
velocity profile (U), i.e., it is independent of Z. Hence, for a
case with a UWT boundary, Eq. (21) shows that the fully de-
veloped local Nusselt number is a function of time only. Con-
sequently, the fully developed average Nusselt number is, in
this case UWT, independent of annulus height L. On the other
hand, for boundary conditions other than UWT, provided that
the flow is hydrodynamically fully developed, Eq. (15) shows
that the temperature varies linearly with Z. Hence, Eq. (22)
shows that the fully developed local Nusselt number, for this
case, varies hyperbolically with Z.

It is important to mention here that, to maintain the validity
of the hydrodynamics fully developed flow assumption, the
only thermal boundary conditions accepted, other than the
UWT boundary conditions, are those that vary linearly with Z.
As a result, all of the problems that include boundary condi-
tions other than the UWT can be considered as fundamental
problems of the second kind.

Fundamental Solutions

If at least one of the two annulus boundaries is kept iso-
thermal, Eqgs. (1) and (2) are reduced to

10U 1 0 oU

——==—|R— ) - HPU + ——— (23
Pror ROR ( aR) Ut Tea —ny @

960 1 0 06
—=——|R— 24
7 ROAR ( 6R> (24

Equation (24) assumes a solution in the form

6(r, R) = 0,(7, R) + 6.(R) 25)

where 6,(R) accounts for the nonhomogeneousity in the
boundary conditions. The solution of the homogeneous part
obtained by the separation of variables as

01(7, R) = E A:re_Aif[YU(Al:R) - CnJO(/\nR)] (26)

f 6:(RRIYo(A,R) — C,Jo(A,R)] dR
A,, == 1 (27)
j RIYo(AR) — C,Jo(A,R)T’ dR

N

where 6,(R), C,, and A, depend on the kind of fundamental
case we have.

The solution of Eq. (23) is obtained by the application of
Green’s function approach. Let U(7, R) be related to U'(7, R)
by

U(t, R) = U'(1, R)exp(—PrHa’7) (28)

Substitute Eq. (28) into Eq. (23) to obtain

1 U 16<6_U’

0 2
—_— = R ) + ]—m exp(PrHa’7) (29)

Pr 41 RAR
For generality, assume boundary conditions in the forms

U'(r, 1) = fi(r, R), U'(r, N) = fo(1, R) (30)

and initial condition
U'(0, R) = F(R) (€2))

where fi(7, R)(i = 1, 2) and F(R) have zero values for our
particular case.

The desired Green’s function is obtained from the solution
of the homogenous version of the problem defined in Egs. (29—
31) as

- By, Prit=7)

GR, 7[R, ) = 3 “——— 6 (Rd.R)  (32)

where
b.(R) = Yo(BuR) — b, Jo(B.R) (33)
S= J; i R[Yy(B.R) — b, Jo(B.R)T dR, b, = X’Eg; (34)
and the eigenvalues (3, are positive roots of
Yo(BuN) = b, Jo(B.N) =0 (35)

Then the solution of the nonhomogeneous problem [Egs.
(29-31)], in terms of the previous Green’s function is given
9
as

1
U'(r, R)=f R'G(R, 7|R', 7)| 0 F(R") dR’

N

P dr’ IR’G(R IR", )
161 — N ), 2 Tl

X e(PrHaz-r’)e(Rv’ Tl) dRr
" - pYe;

- PrJ d7’ E [R’ -—,] fiR', ) (36)
7'=0 i=1 aR R‘=R,

Fundamental Solutions of the First Kind

In this case, the two boundaries of the annulus are kept
isothermal, one of which is at the inlet ambient fluid temper-
ature T, (6 = 0), whereas the opposite boundary is at a higher
or a lower temperature. The following thermal boundary con-
ditions can be applied:

Case (I): temperature step at the inner wall, whereas the
outer wall is kept at the ambient temperature, i.e.,

o(r, 1) =0, 0(t, N) =1, 7>0 (€))

Case (O): temperature stcj+ at the outer wall, whereas the
inner wall is kept at the ambient temperature, i.e.,

0(t, N) =0, o(r, 1) =1, 7>0 (38)
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The evaluation of the required parameters is as follows.
Case (I): the eigenvalues A, are the roots of

Yo(A.N) — C,Jo(A,N) = 0 39
where C,, = Yo(/\,,)/Jo(An), and
6,(R) = €n Ri€n N (40)

A, can be evaluated from Eq. (27) as

A, = (NIAM)Y,(AN) — C,Ji(AN)] 4n

where
M = 3[Y,(A) — CJA)F — (NI)Y,(AN) — C,Ji(AN)T
(42)

Substituting 6(7, R) into Eq. (36) with fi(7, R), fo(7, R), and
F(R) equal to zero, and using Eq. (28) we get

1
16(1 — N)*

(3 mn

m=1

U(t, R) =

— exp[—Pr(B, + Ha*)7]}¢$,(R)

+ > > Bule™ — exp[—Pr(B; + Haz)T]}dzn(R))

m=1 n=1

43)
where
- — N[Yl(BmN) _ bmjl(ﬂmN)]
o S(B, + B.Ha) @4
0 if Bm * )\n(m #* n)
B = A (45)
B + Ha* — (A2/Pr) if B,=A(m=n
and from Eq. (34)
= %[Yl(Bm) b'"‘]l(Bm)]z N2/2)[YI(BI"N) bmJl(BmIVL")éz
(46)

The volume flow rate F' and the dimensionless mixing cup
temperature 6,, defined by Eqgs. (19) and (20) are readily cal-
culated using solutions for U and 6. The results are as follows:

F(7) = 8(_N? (2 C.{1 — exp[—Pr(B, + Ha*)7]}

m=

+ > D Coule ™ — expl—Pr(B, + Haz)T]}> (47)

where
Bm
C.= B, {IY«(B) — b.Ji(BW)] — NIY\(B,N) — b,J(B.N)]}
! 48)
Cmn =%"ﬂ {[Yl(Bm) - bmJI(Bm)] - N[Yl(B,,,N) - bmJl(BmN)]}

(49

1

0.(7) = 8F(1 — N)

> En{1 — expl—Pr(BL + Ha)m)(1 — )

m=1

X

TN

+ > EL{e™ — exp[~Pr(B, + Ha)l}(1 — e“*?nff)>
m=1
(50)
where
_ N’[Y«(B.N) — b, J(B.N)I
En= SIB. + BuHa) Gb
2 _ 2
E,’,, - — N [Yl(BmN) bmJl(BmN)] (52)

S[B; + BLHa* — (B./Pr)

It may be worth mentioning that, in the present case of iso-
thermal boundaries, the temperature 6 (and, hence, 6,), does
not vary with axial distance Z. Thus, 6,, = Om. This means that
the heat transferred to/from the fluid through the two bound-
aries of the annulus, under the fully developed flow conditions,
does not affect the fluid bulk temperature because they are
equal and opposite (so that the fully developed conditions can
be achieved in such a case). Expressions for the fully devel-
oped Nusselt number (local and also average) are obtained
after getting the temperature gradient at the walls from Eq.
(25) and then substituting into Eq. (21). The value of Nu on
the inner wall is given as

Nu(7) = 22(1 — N) ({E AAe =Y, (AN)

1
N n N) (53)

where the minus and plus signs apply, respectively, for heating
and cooling.
Case (0O): here, different parameters are given as

+ Cn‘ll(/\nN)]} +

0.R)=1~— R A,=———[Yi(A) —

e N - A"M C"Jl(/\n)] (54)

where the eigenvalues A, are still given by Eq. (39), and M is
given by Eq. (42).
Also, the velocity profile is given as in Eq. (43) with

VB — budiB)
B =B, T puHa) (53)

where B,,, and S are given as in Egs. (45) and (46), respec-
tively.

The volume flow rate F, C,, and C,, are given as in Egs.
(47), (48), and (49), respectively.

The dimensionless mixing cup temperature 6,, is given as in
Eq. (50), but with

g = By = b d (B
m = 2 2

S[B:: + BmHa ] (56)
E; = — [YI(BIN) - bm‘,l(Bm)]2

S[B, + BLHa® — (Bi/P]
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The expression for Nu on the outer wall is given as

Nu, (1) = £2(1 — N)
S N -
X ({; MAe =Y (A) + CJ .(/\n)]} o N> &7

A sample of the results is plotted in Figs. 2 and 3. These
figures represent the thermal and the hydrodynamics transient
behavior of the fluid for case (I). It is clear from Fig. 2 that
the peak of the velocity profile is shifted to the heating wall.
It will be shifted to the inner wall in case (I) and to the outer
wall in case (O). However, if both walls have the same thermal
boundary conditions, then the peak will be shifted to the inner
wall.

Fundamental Solutions of the Second Kind

In this case, one of the annulus boundaries is maintained at
a constant heat flux (g) and the opposite boundary is perfectly
insulated. The governing equations in such a case are Egs. (1)
and (2), where 96/0Z # 0. We are unable to get a closed-form
solution for this case.

8.012
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g 00063
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Fig. 2 Transient axial velocity distribution in the radial direc-
tion.
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Fig. 3 Transient temperature distribution in the radial direction.

Fundamental Solutions of the Third Kind

In this case, because one of the boundaries is isothermal,
Eqgs. (23) and (24) are the governing equations subject to the
following boundary conditions:

Case (I): temperature step at the inner wall, whereas the
outer wall is kept insulated, i.e.,

90
a—R(T,1)=O, o(r, N) =1, >0 (58)

Case (O): temperature step at the outer wall, whereas the
inner wall is kept insulated, i.e.,

a0
3R (1, N) =0, or, 1) =1, 7>0 (59)

The solutions obtained are as follows.
Case (I): the eigenvalues A, are the roots of

Yia) — CJi(A) =0 (60)
where C, = Yo(A,N)Jy(A,N) and
0:(R) = 1, A, = (NIAM)IY(AN) — C,Ji(A,N)]  (61)

where

= 3 [Yo(A) — CJ(A) — NIV (AN) — CJ(ALN)T
(62)

Also, the velocity profile is given in Eq. (43), but with

_ (B, — b, Ji(BI] = NIYi(B.N) — bnd(BV)]

Ba S[B., + B.Ha"

(63)

B = A= Bu/(By = AIYo(A) = Codo(AIYi(B) — budi(B)]
" S[B. + Ha* — (X2/Pr)

64

where S is given as in Eq. (46). The volume flow rate F, C,,
and C,, are given as in Eqgs. (47), (48), and (49), respectively.
The dimensionless mixing cup temperature 6,, is given as

3

1
0D = 8Fa = Ny [

E,{1 — exp[—Pr(B. + Ha’)7]}

+ 2 2 E,{e™™" — exp[—Pr(B} + Ha")7]}

m=1 n=1

o

+ >0 > B, (e = exp{—Pr{fi + Ha + (A/PP]7))

m=1 n=1

i E E,i(e™" — exp{~Pr(B;,

i=1 m=1 n=1

M

+

+ Ha* + ()t,z,/Pr)]T})] (65)

where E,, = C,, E,, = C,,, and

E,, = B,A{=[B./(By — ADVYo(N) — C.JoA)Y(B.)
- bmJl(Bm)] (66)
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Eyni = BuAi{ = [Bul(Br — ADIHYo(A)
= CJo(MIY(Bw) — b i(Bw)] (67

The local Nusselt number on the inner wall is given as

Nu(r)=*2(1 — N) {2 LA =Y, (AN) + C,,J,(A,,A’)]}
(68)
Case (O): the eigenvalues A, are the roots of
Y(ALN) — C,Ji(AN) =0 (69)
where C, = Yo(A)/Jo(A,) and
6,R) =1, A, = (/NM[C,J (X)) — Yi(A)]  (70)

M=3[Y\(A) — CJ(A)) — (N/2)[Yo(AN) = Codo(A, NI
Y]

U(t, R), F(7), and 6,,(7) are the same as case (I), but with

= A,,{[B,,,N/(B,Zn - Ai)]}[YO(/\nN) - C"‘IO(AHN)][YI(BHIN) - bmJl(BmN)]

where M is given as in Eq. (71). Also, the velocity profile is
given as in Eq. (43), but with

_ N? €n N[Y,(B.N) — b, J\(B.N)]

B,
(1 = M)S[B., + B.Ha’)

(80)

where S and B,,, are still given as in Eqs. (46) and (72), re-
spectively.

The volume flow rate F, C,, and C,,, are given by Egs. (47),
(48), and (49), respectively. The dimensionless mixing cup
temperature 6,, is given as in Eq. (65), but with

o - <N2 on N>2 [Y«(B.N) — b,J (BN

1-N S(B?n + BmHaz) (81)
B,.N* én N
Er/n = e Yl mN — Oy m
(1—1\’)Bm[ (BaN) = b, Ji(B.N)] (82)

and E,, and E,,; are still given as in Eqgs. (73) and (74), re-
spectively.

B
" S[B% + Ha* — (AM/Pr)] 72
R ) The value of Nu on the inner wall is given as
E,., = B,A[B.NI(B. — A)Yo(AN) — C,Jo(A:N)]
X [Yi(Ba) = bui(Ba)] (73) Nuu(r) = 2/6(r, N) @3
Epi = BunAdBaNI(BL — ADIYo(AN) — Cio(AN)] Case (O): the eigenvalues A, are the roots of
X [Yi(BaN) = buJi(BaN)] (74) ) — GJ(A) =0 (84)
The local Nusselt number on the outer wall is given as where C, = Yo(A,N)Jy(A,N) and
- - £n(RIN) Yo(A) = CJoA)
Nu(7) = +2(1 — MAe M =Y(A,) + CIi(A, } 6:R) = = = 85
(1) = =2 N){E [-Y,(A,) {(A)] R =T A= TR 69

(75)

Note that in cases (I) and (O) the value of the Nu on the
insulated wall is zero.

Fundamental Solutions of the Fourth Kind

In this case, because one of the boundaries is isothermal,
Egs. (23) and (24) are the governing equations subject to the
following boundary conditions:

Case (I): step change in heat flux at the inner wall, whereas
the outer wall is isothermal at the inlet fluid temperature, i.e.,

a0 1
L

— D=0 >0 (76

Case (0O): step change in heat flux at the outer wall, whereas
the inner wall is isothermal at the inlet fluid temperature, i.e.,

LY 1
oR 1 -N

o(tr, N) =0, >0 (7)

The solutions for both cases are given as
Case (I): the eigenvalues A, are the roots of
Yi(AN) — CJi(AN) =0 (78)
where C, = Yo(A,)/Jo(A,) and

N €n R
1—-N

6,(R) = —
(79

A, [Yo(A,N) — C,Jo(A.N)]

XMW - D

where M is given as in Eq. (62). Also, the velocity profile is
given as in Eq. (43), but with

_ in N[ YI(B,,,) - bm"l(Bm)]

B, = 3 2
(1 = MS(B,. + B.He)

(86)

where S and B,,, are given as in Egs. (46) and (64), respec-
tively.

The volume flow rate F, C,, and C,, are given as in Egs.
(47), (48), and (49), respectively.

The dimensionless mixing cup temperature 6,, is given as
in Eq. (65), but with

5 - < en N\ [Vi(B.) = b Ju(BIT
"\l -N S(By + BrH)

)

£y, =B <_€" N

B T‘:‘ﬁ) [Yl(Bm) - bm]l(Bm)] (88)

where E,, and E,,; are still given as in Eq. (66) and (67),
respectively.
The value of Nu on the outer wall Nu, is given as

Nu,(7) = 2/6(t, 1) (89)

The effect of Ha on the radial distribution of the axial velocity
is shown in Figs. 4—6 for case (I) of the three fundamental
kinds. It is clear from these figures that increasing Ha increases
the magnetic retardation force, which leads to a significant
reduction in the axial velocity. The effect of small Ha is more
significant than the effect of large ones. As an example, and
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Fig. 4 Effect of Ha number on the velocity profile under steady
conditions. First kind, Case (I).

2.010 -
1 4th kind, Case (1)
E N=0.5
4 Pr=0.8
0'003’; Steady State
o
£ 0.0061
=} 3
s ]
] b
3 0.004
D E
z 3
2 0.002]
£ 3
A E
2.0003
’9.%2-nulrur|||||n|u||uunn-nluuu||u|nuu;ulruul
2.4 . 2.60 ©0.70 0.80 ©.90 1.00

Radial Direction, R

Fig. 5 Effect of Ha number on the velocity profile under steady
conditions. Fourth kind, Case (I).
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Fig. 6 Effect of Ha number on the velocity profile under steady
conditions. Third kind, Case (I).

for the first kind of case (I), increasing Ha from 1 to 10 reduces
the maximum velocity from 0,013 to 0.004. On the other hand,
increasing Ha from 10 to V1000 reduces the maximum ve-
locity from 0.004 to 0.001. The transient behavior of the vol-
umetric flow rate is shown in Fig. 7 for cases (I) and (O) of
the first kind fundamental solution. It is clear from this figure
that case (O) has a higher volumetric flow rate than case (I).
Because of the larger surface area of the outer wall, the heat
transfer in case (O) is higher than that in case (I). Higher heat
transfer in case (O) leads to a higher buoyancy driving force,
and then yields a higher volumetric flow rate.

The variation of Nu, under steady conditions, with the an-
nulus radius ratio is shown in Fig. 8 for cases (I) and (O) and
for the first and fourth kinds of fundamental solutions. As
shown from this figure, both kinds have the same Nu at steady-
state conditions. This does not imply that these two kinds share
the same velocity, volumetric flow rate, and temperature under
steady conditions. Also, it is clear that case (I) has a higher
Nu than case (O). Because of its larger surface area, the drifted
flow from the boundary layer of the annulus outer wall is
larger than that drifted from the boundary layer of the inner
wall. As a result, the velocity profile will be shifted toward the
inner wall if both walls have the same thermal boundary con-
ditions. The higher velocity near the inner wall boundary layer
enhances the heat transfer and yields higher Nu. However, and
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Fig. 8 Effect of the annulus radius ratio on Nu.
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because of its larger surface area, the outer wall may have a
higher total heat transfer and as a result, a higher volumetric
flow rate. Also, and as N increases, both surfaces attain the
same Nu because the configuration approaches that of the flow
between two parallel plates and the gap width diminishes. The
same figure shows that Ha has no effects on Nu for the first,
third, and fourth kinds. This may be concluded directly from
the governing Egs. (1) and (2). For the mentioned three kinds
of solutions, we have 96/0Z = 0P/0Z = 0. As a result, 0 is
found from Eq. (2) without solving the momentum equation.
This implies that Ha, which appears in Eq. (1), has no effect
on Nu, which depends only on 6. The conclusion that Ha has
no effect on Nu for the three kinds of solutions is valid under
both transient and steady conditions. The effect of Ha on Nu
is predicted to appear in the results of the second kind, which
are not obtained in this study.

There is no need to plot the Nu behavior, under a steady
condition, for the third kind of solution. For this the Nu is zero
for cases (I) and (O). This behavior is predicted because for
the third kind of solution one wall is insulated and the other
is maintained at 6 = 1. As a result, and under steady conditions,
the fluid temperature in the fully developed region is 1. This
implies that there is no heat transfer between the heating wall
and the fluid.

Fully Developed Natural Convection
in Open-Ended Vertical Tube

Fundamental solutions for transient MHD fully developed
natural convection flow in a vertical tube can be considered as
a special case of that obtained for the annuli, but with N = 0.
However, two fundamental cases are only possible in the case
of tube. These are as follows.

Fundamental solution of the second kind, case (O):

90

oR

00

)

= =1, 7>0 (90)
R=0 oR

R=1

Fundamental solution of the third kind, case (O):

a0

3R =0, o(r, 1) =1, 7>0 (C28)

R=0

The solution of the second case is obtained as follows. The
eigenvalues A, are the roots of

JO(AII) = 0 (92)

Also, the temperature and velocity profiles are given as

o, R) =1+ > Ae (AR 93)

n=1

U(r, R) = 2, Bu{1 — expl—Pr(B, + Ha)71}Jy(BuR)

+ > > Bule™ = exp[—Pr(B + Ha)}Jo(B.R)

m=1 n=]

(94)
where
2 1
A== WA B = 8J.(B.)IBy + B.Ha’] (53)
B = 0 n#m
™ = U{8I(BIIBY + B.Ha® — (By/PPD]} n=m
(96)

and the eigenvalues 3, are the roots of

JO(Bm) = 0 (97)

Also, the volumetric flow rate, mixing cup temperature, and
local Nusselt number are given as

F(m) = D, Call — exp[—Pr(, + Ha*rl}
— > Cile ™ — expl—Pr(B + Ha’)l) (98)
0,(7) = % {2 C.{1 — exp[—Pr(B% + Ha*)71}(1 — e ")
m=1

= 2 Cule ™ — expl—Pr(B, + Ha)rl}(1 ~ e‘f’%)}

29
The local Nusselt number for a UWT is given by
Nu=x4 Y e (100)
n=1
where
1 1
C. C.= (1o1)

T 4B+ BrHA) 4(B%, + BiHa* — B
and the minus and plus signs apply, respectively, when there
is heating, and vice versa when there is cooling.

Conclusions

Using Green’s function method, analytical solutions for tran-
sient MHD fully developed upward (heating) or downward
(cooling) natural convection velocity and temperature profiles
in open-ended vertical concentric annuli and tube have been
obtained. These solutions correspond to four fundamental
boundary conditions obtained by combining each of the two
conditions of having one boundary maintained at UHF or at
UWT with each of the conditions that the opposite boundary
is kept adiabatic or isothermal at the inlet fluid temperature.
Expressions for transient fully developed volumetric flow rate,
mixing cup temperature, and local Nusselt number are pre-
sented for each considered case. Such fully developed values
are approached, in a given annulus, when the height to gap
width ratio (I/b) is sufficiently large. These values represent
the limiting conditions and provide analytical checks on nu-
merical solutions for transient developing flows.

Once a developing natural convection flow reaches a state
of full development, in a given annulus, the volumetric flow
rate reaches its upper value; any further increase in the annulus
height would not produce an increase in the volumetric flow
rate. Moreover, for cases with an isothermal boundary, in a
given annulus, the Nusselt number reaches its lower limiting
value while the mixing cup temperature reaches its upper lim-
iting value and all remain constant spacewise, but vary with
time, irrespective of any further increase in the channel height.
However, for cases with two UHF boundary conditions, in a
given annulus, we are unable to get a closed-form solution.
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